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Inhomogeneous stationary solutions for reaction-diffusion equations are of interest with regard to the chemical basis of 
morphogeuesis. Numerical means of determining such solutions and of testing their stability to small perturbations are es- 
amined. and am&xI to shape formation in three svstems: the “Brusselator” and “Lotka-Volterra” mechanisms, and a sim- 
pie made1 for %-nernould &egatbn. 

1. Introduction 

Chemical systems which give rise to spontaneous 
shape formation and which may be described in terms 
of reaction-diffusion equations are of considerable 
biological interest, in terms of a chemical basis for cell 
differentiation, formation and morphogenesis: the es- 
tablishment and maintenance of structure [ 1,2]. Such 
“symmetrybreaking” systems result in spatially non- 
uniform concentrations, the best-understood experi- 
mental example of which is the Belousov-Zhabotin- 
skii reaction [3]. On the theoretical side, considerable 
progress has been made in estabtishing general criteria 
for the instability of homogeneous initial conditions 
for a given reaction scheme [2,4,5] and in the actual 
solution of the partial differential equations describing 
its evolution 1261. In the present paper we examine 
means of calculating thefimi inhomogeneous station- 
ary states (ISS) which such system_ :an attain in one 
dimension, and since not all stationary states are stable 
to snail fluctuations, we aIso examine how the stabil- 
ity of these states may be determined. These proce- 
dures enable us, for exazzple, to see if a postuIated 
mechanism is, indeed, capable of describing a particu- 
lar experimental observation without doing a com- 
plete numerical solution of the coupled partial differ- 
entiaI equations for reaction and diffusion- The general 
numerical techniques discussed here complement re- 
sults obtained by analytical solutions for particular 
systems, such as the elegant work of Auchmuty and 

Nicolis [ 71, 
In section 2 we set up a computational technique 

for determining one-dimensional inhomogeneous sta- 
tionary states, as solutions to coupled ordinary differ- 
ential equations with double-ended boundary condi- 
tions- In section 3 we examine necessary and suffi- 
cient conditions for the stabiIity of these states to 
small disturbances_ In section 4 we apply these meth- 
ods ta several simple systems of interest: the Brussela- 
tor mechanism [2,3] (to confirm our results by com- 
parison with the approximate analytical solutions of 
Auchmuty and Nicolis [7]), the Lotka-Volterra 
mechanism with diffusion included [2], and a simple 
model describimg ‘he asregation of cellular slime- 
mouIds in response to a chemotactic signal [S-lo] _ 

2. Inhomogeneous stationary states 

We confiie ourselves here to a one-dimensional 

system, although the methods discussed below can be 
extended to higher dimensions using hypetbo!ic or 
elliptic partial differential equation techniques [ 101. 
We assume that the temporal and spatial development 
of the system is described by a set of coupled para- 
bolic partial differential equations of the form: 

$=fb#‘l+D$, 
where @E (Qr , _ . _ , ok, _ _ _ ,@K) is the K-dimensional 
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vector of concentrations,f[+] G vt,. _ - ,fK) a non- 
linear vector function describing the kinetics, and D 
the matrix of diffusion coefficients. The inhomogene- 
ous stationary state, +*. is defied by 

d2# 
m”l +o---& =o, (2) 

with appropriate boundary conditions. These condi- 
tions are uswlly constant concentrations or zero flux 
at the two boundaries. The latter corresponds to ac- 
tive transport across the membrane within the cell 
walls. Such boundary conditions are inapplicable to 
several problems of interest, such as the Belousov- 
Zhabotinskii reaction or the sbmemould aggregation 
investigated in section 4: in both cases we have a 
closed system in lieu of an open system with appro- 
priate boundary conditions. However, it is reasonable 
in such cases to suppose that the semi-quantitative 
form of the solutions can be reproduced by judicious 
selection of boundary values in an open system; a test 
of the validity of such procedures would be to see 
whether the solutions so obtained were drastically dif- 
ferent for slightly altered boundary conditions. 

Under certain conditions it is possible to derive an 
analytic solution for the ISS by a perturbation expan- 
sion near the first bifurcation [7]. Beyond this region, 
however, numerical methods must be used. This in- 
volves the solution of nonlinear differential equations 
with double-ended boundary values, a problem whose 
numerical difficulties are well appreciated. The diffi- 
culty lies in the nonlinearity which often causes the 
divergence of solutions with boundary values only 
slightly different from those required. We have used 
an algorithm based on one of the standard methods 
of solving this type of problem [ 121, which converges 
for most problems attempted. We take the set of K 
coupled second order differential equations for +O, 
eqs. (2), and convert them to a set of 2K fust-order 
equations by the substitution: 

Uk = 405 Yk+K = dO;/h> k= I,...,K. 

The vafues of yk (fc = 1,. . . , K) at, say, the left-hand 
boundary are known. Values of yk+K at this boundary, 
u;+~, are estimated, and using these initial conditions 
the equations are integrated to obtain rk at the other 
boundary. Denoting those vahres obtained at the other 
boundary byygbt and those required by the boundary 
conditions byyp, we then minimize the function 

with respect to the difference between the required 
values and those actually obtained. 

The minimization of this function of the slopes at 
the first boundary is best performed using the simplex 
method [ 12]_ The convergence of this procedure is 
strongly dependent on the initial estimates of&,. 
We have found that divergence can usually be avoided 
by first solving the simpIer problem of fmding values 
for Yk+K that can be integrated to yieId yp over a 
smaller region of space. The values ofyk+K thus ob- 
tained are used as the initial estimates for an extended 
region, the process being repeated until the required 
distance is covered. Even using this method, it still 
proved possible for the estimates indicated by the 
minimization procedure to lead to divergence. This di- 
vergence is often associated with the transition from 
a length of region with one charactistic solution to 
another [7] (e.g., to solutions which differ greatly in 
initial slope but with shape similar to other solutions). 
The problem was overcome in two ways: (i) by having 
the integration subroutine halt and return a Iarge 
number to the functiongf&K) if either yk began to 
diverge or the error became large and (ii) by including 
a facility which enabled the first region examined to 
be of sufficient length that transitions were avoided 
during the extension process. Initial estimates obtained 
by, e.g., the ieroth order analytical approximation of 
Auchmuty and Nicolis [7] could also be used, although 
no attempt was made to do this for the problems 
solved here. 

3. Stability criteria 

Criteria for the stability of an ISS that have been 
used previously have been confined either to tinear- 
ized kinetics or have referred to local stability [13]_ 
By local stability one refers to stability with respect 
to a perturbation confiied to a small region, so that 
the stability at a given distance x may be examined in- 
dependently of the behaviour for other values ofx. 
We consider here grObd stability, i.e., stability with re- 
spect to any small perturbation, including those which 
affect the whole region of space considered. We first 
derive 2 straightforward necessary and sufficient con- 
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dition based on the set of ordinary differential equa- 
tions obtained by writing eq. (1) in a way suitable for 
solution by a second order difference method [lo]. 
We break the region OF space under consideration into 
~compar~ents each of width ft. Each compartment 
is assumed to be homogeneous in space. Further as- 
suming that the spatial dependence of 4,(x, t) between 
any three adjacent compartments defines a parabola, 
the Fick’s law diffusion term -m eq_ (1) may be rewrit- 
ten, for the kth species in the nth compartment, I&, 
as 

~~ a2ek,,,M = ~~(0~ n_lf~k,,r+L - 2~~ * JAZZY, 

where for convenience we have assumed the diffusion 
matrix to be diagonal with non-zero elements Dk_ 

Hence. if the boundary conditions are constant con- 
centration, eq- (1) is equivalent ta the K X (N- 2) set 
of equations of the form 

d&,ldt =fjJQ) +DkCOk,+-l + ~&+ct - 2@k,,J112, 

in the limit of small h [we have KX (N-2) rather than 
K X IV equations since it is clear that there can be no 
variation in the fxrst and last compartments, these be- 
ing the boundaries] _ Standard methods for the num- 
erical soiiition of eq. (I) are based on this procedure 
[LO]. Similar sets of equations result from the use of 
other boundary conditions, such as zero flux- To de- 
rive the stability criterion, we linearize eq- (2) about 
one of its ISS solutions, #O(x), which has component 
4& for the kth species in the 82th comp~tment. Con- 
sider a small perturbation of G*(x): 

c#x, 0 = **c4 + 6@#+x, r). 

Writing the column vector I& as: 

Ffr = QQ * * ,WK‘,, - * * &$~&_,I, 

we have from eq. (2): 

$=PJL, 
where R is a K(N-2) X K(N-2) matrix whose elements 
are: 

%I = afkla(is,-q/h2, I = iK f k, i axe integer, 

SLr, = Dk/h2, m=I+K,I-KforO<n~~N-2)K, 

m ft i, 

arm = af, ./ad,, m = jK t rn’, i and j integers, 

m~l,I=iK+k,m=~~-K+1),.__,(I+K-k), 

Q[m = 0, otherwise. 

A necessary and sufficient condition for the global 
stability of $0 is that I,!J + 0 as t -+ m. Hence eq. (4) 
implies that go will be globally stable if all the eigen- 
values of CC? have only negative reaI parts in the limit 
of small ir. This condition is necessary and sufficient 
as long as h is small enough that the finite difference 
equations are equivalent to the partial differential 
equations- A numerical test for this equivalence is to 
see if any appreciable change in the solutions is ob- 
tained by reducing h. 

Since this result is valid only for large IV, an analytic 
solution cannot be expected- NumericA determination 
of stability requires finding the largest eigenvdue of a 
very large non-hermitian matrix. The numerical prob- 

lem may be reduced since we require only the largest 
eigenvalue and since the matrix is banded (al1 elements 
K f 1 or more away from the diagonal are zero). Al- 
though the numerical dif~culties are by no means triv- 
ial, fmding the eigenvalues using even standard tech- 
niques [ i4] requires only about as much computer 
time as determining the KS itself. 

One alternative to actually solving the eigenvalue 
problem is to use the 1SS plus some small perturbation 
as the initial input to a numerical solution of eq. (1) 
(by fmite difference) to see if the ISS is re-attained. 
Although not a rigorous demonstration of stability, a 
rapid divergence does indicate instability, and this 
method requires much less computer time and storage 
than the full eigenvalue approach. It is also a conven- 
ient means of separating quasi-stabfe states (i-e., those 
where the largest eigenvalues are positive but very 
smalf) from truly unstable ZSS. A quasi-stabIe state 
would be indistinguishable from one that is truly stable 
in a real system. 

A third global stability criterion is through the e?r- 
istence of the vector function +.&x) =J~6tix,t)e-~dt, 
where &I# is an arbitrary small per~rbation on the ISS 
60. Since our boundary conditions require that S$J be 
zero at the boundaries, we then have 

d2rt 
dx2 = 4+G(x) - S@(x,f=O), (7) 

where the elements of the matrix G (x) are Gkk- = 
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Fig 1. Stable and unstable inhomogeneous stationary state 
concentrations of X and Y for the Brusselator mechanism. 

afkmk’ - sskke- The existence of a solution of eq. 
(7) for an arbitrary b#(x, ~0) and s = 0 obeying the 
conditions of S# = 0 at both boundaries is a sufficient 
(but not necessary) condition for global stability, and 
is necessary but not sufficient for s > 0. 

4. Applications 

4. I. The Brusselaror mechaniht 

This hypothetical reaction scheme has been the sub- 
ject of extensive investigation [2,7,15] _ We apply our 
methods to it as a check on our analysis. The dimen- 
sionless reaction-diffusion equations are 

Stationary states ford=2,B=5_24,Dx= 1.6X1O-3, 
Dy = 8X1O-3, with boundary values of X = 2.1, 
Y = 2.63, ovef a length of 0.18, are shown in fig. 1 
(note that solutions may exist in addition to those ob- 
tained by the computer using a particular error toler- 
ance and allowed range of initial gradients; no special 
significance should be attached to the fant that only 
solutions with positive gradients in X were found). 
Our results are similar to the approximate analytical 
solutions derived by Auchmuty and Nicolis for the 

case where A(x) = A0 cash [2cc(x - $)]/cosha, for 
Q > 0. In confiiatiorl of the conclusions of ref. [7], 
it is of interest to note (a) that of the four stationary 
states found by the computer for this particular set 
of parameters, only the fust is stable, and is the only 
one to which a numerical solution of the complete 
partial differential equations evolves, and (b) that 
asymmetric stationary states are possible. This last re- 
sult is of interest with regard to the formation of asym- 
metry in natural systems [ 161. 

4.2. l7te Lotka- Volferra mechanism 

This has also been extensively studied theoretically 
[2,15] ; it is well known that the homogeneous system 
cannot give rise to a stable limit cycle. The dimension- 
less reaction-diffusion equations are: 

a_4fat= -AB f k’A f DA a”A/ax’, 

aBf/at = AB - kB f D,a2B/i3x2. 

Our results for the stationary states of this system show 
that a stable stationary structure may be formed. In 
fig. 2 we show the results of a stationary state compu- 
tation with k’ = 0.09, k = 0.9, DA = DB = 1, with 
boundary values A = 1, B = 0.1. This shape is stable. 
tt is of course primarily a boundary-layer effect; no 
oscillatory spatial structure has been found using this 
mechanism. 

4.3. Slime mot&i aggregation 

The spontaneous aggregation of a culture of D. dti- 

coidium amoeba is one of the simplest examples of 
morphogenesis, and is the precursor of cell differenta- 
tion in the species_ The mechanism for this aggregation 

is fairly well established, several detailed mathematical 
models having been developed [8,9,11,17]. An amoeba 
emits a series of pulses of a chemotactic agent, CAMP, 
that stimulate neighbouring amcebae to emit pulses 
themselves and then to migrate towards the first 
amoeba, provided that ffie concentrations of both 
CAMP and the amoebae are sufficiently high. The 

CAME’ is also degraded by reaction with an enzyme. 
We procede to show that the average spacing be- 

tween clumps of wegated amoebae can be deduced 
by a simple application of the theory developed above. 
Because of the Iimited quantitative data available for 
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the system, we an? forced to make crude estimates for 
several of the parameters tivolved, hut fortunately our 
final result depends only weakly on these estimates. 
Our simplified model is adapted from that of Keller 
and Segel f8l. We do not consider the detailed p&z- 
tie emission of CAMP and pulsatie migration of amoe- 
bae; instead we replace these r;tPidly varying concen- 
trations (in space) by concentrations averaged over a 
length greater #an that of pulsatile variation but short 
compared to the overall aggregation length (see fig. 3). 
These boozy varying concenirations are denoted 
C and A respectively. We aSfume that no other variables 
need be considered. 

We next assume &at the diffusion of CAMP follows 
Fick’s Law with d~ff~~un coefficient DC, Following 
Robertson and Cohen 191, we estimate this caef&ient 
from the Stokes--Emstein reiation to be 4 X 10-~“~%~. 
We further assume that CAMP is emitted by amoebae 
with fwt-ocder rate constantf, with re$ect to amoeba 
concentration above a critical value Ao; bdow this cri- 
tical value, CAMP is absorbed by amoebae, perhaps by 
eomprexing with an enzyme, with the same first-order 
rate constant f. A* is about IO-@ M [IS], and we have 

Fii. 3. Upper diagram: schematic variation of putsatile concen- 
tration (----1 and avenged concenuation <--) of c~M.ip wit& 
distance. Lower diagram: schematic wuiatien of the time dif- 
ferential of avemged zunoeba concentration with distance. 

estimated f from the data of Malkinson and Ashworth 
1191 to be 1.S X LO2 s-I_ The selfdiffusion of amoe- 
bae is taken to have a simple Fick form with diffusion 
caefficient DA, estimated from the Stokes-Einstein 
equation to be -2 X IO-13 m2 s-1, for an amoeba 
radius of ! &un. The movement of amoebae under a 
chemotactic gradient is also given a Ficks’ law depen- 
dence, with a negative diffusion coefficient --DAc 
considered as an off-diagonal element of the matrix of 
diffusion coefficients [Xl] _ Thus chemotactic diffusion 
considered in isolation from the other processes obeys 
the equation: 

aAlar = -D&kl&x”* (81 

?&is form is physic&y quite reasonabie (atthough 
somewhat different from that assumed by Keller and 
Segel), Suppose the smoothed concentration of CAMP 
emitted from a small group of amoebae centered about 
the origiu has the gaussim form Uustrated in fig. 3. 
Amaebae near the origin will move towards it, where- 
as those further away (where the CAMP concentration 
falls below dte critical value) will not move. Thus A 
should increase in time near the origin and decrease in 
time further away; this gives an x dependence of aAjar 
witit the qualitative form of&e negative of the second 
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differential of a gaussian, as illustrated. An estimate 
for tile value of DAc is obtained as follows. Consider 
a single amboeba near a group of amoebae emitting 
CAMP, and consider a small time interval, sty lOs, 
when the single amoeba migrates to join the group 
but as yet does not influence its neighbours, so that 
its motion is governed by eq. (8) alone. The local 
value of A has then dropped from its homogeneous 
value of w-:.5 X 1014 M 1311 to zero; thus locally 
3Al& = 1.5 x1015 MS- 1. The velocity of amoeba 
under such conditions is observed to be 
- 2 X 10-s m s-1 [9], and thus the distance involved 
is x = 2 X lOA m. Assuming that Cdiffuses from an 
initial gaussian distribution of the form C(t ~0) 
= B exp (+x2), we have: 

C(t) = R( 1+ 4DcPf)-t’2 exp t-pX21(1 44DcPG19 (9) 

where R is the initial pulse, approximately 2 X 1 0w7 hf 
1211. We estimate /3 by assuming that the initial shape 
corresponds to spontaneous emission by a small num- 
ber of amoeba: /3 = 2 X IO7 m2 is a rough value. We 
may then substitute eq. (9) into eq- (8), and use the 
above values to obtain a value of 3 X 1 O-l6 m2 s-l 
for DAc. This is obviously a very primitive estimate, 
but it is found to vary only by about a factor of 2 if 
our estimates of range or /3 are changed by an order of 
magnitude. 

We then have the following aver-all reaction-diffu- 
sion equations for the system: 

3A/dr = -DACazclax2 + DAa3A/ax2, 

aclat=o,azCfax2+ f(A -Ay. 

The stationary state form of these equations has a sim- 
ple sinusoidal analytical solution. Choosing the boun- 
dary conditions to be such that the minimum amoeba 
concentration is zero, we have: 

A =A*(1 - cos k-x), kZ = RAcf/DA 0,. (10) 

Using the values of the constants f, DA, DAc, DC 
found above;this gives a spacing between the cIumps 
of the crder of ! mm, corresponding to that observed 
experimentally. 

This solution can be directly shown to be stable 
using the sufficient stability criterion of eq. (7). Put- 
ting u = 1; 6A(x, r) dt, and letting p(x) be the initial 
perturbation in A, we see that 2 general solution to 
eq. (7) obeying the left-hand boundary condition 

a(x) = k-’ s p@sink(x-<)dE+Esinti, 
0 

where E is a constant to be fixed by the tight-hand 
boundary condition- The required boundary condi- 
tion a(x=L) = 0 can always be obtained by choosing 

E = (k sinkL)-‘j p(.$)sink(L-QdE, 
0 

except for the special case where L is an integral mul- 

tiple of 2zfk. Since we may write down a general 
solution of eq. (7) obeying the required boundary con- 
ditions for an arbitrary perturbation, the inhomogene- 
ous stationary state of eq. (10) is stable. 

Obviously as the amoebae approach the maximum 
concentration of 2A0 predicted by the above, addi- 
tional kinetic terms will come into effect, and the 
simple sinusoidal concentration predicted by our 
treatment will break down. However, since the con- 
centration of amoebae between clumps will then be 
practicalIy zero, the average spacing between clumps 
will have been determined in accordance with the 
simple mechanism given above- Since the initial homo- 
geneous distribution is unstable, we have a true dissi- 
pative structure [2] _ 

The above examples illustrate the general useful- 
ness and applicability of the computation of station- 
ary states and the determination of their stability- 
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